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Abstract 

We present here a relationship among massive self-dual models for spin-3 particles 
in D = 2 + 1 via the Noether Gauge Embedment ( NGE ) procedure. Starting with a 
first order model (in derivatives) S$d( l) we have obtained a sequence of four self-dual 
models SsdU) where i = 1,2,3,4. We demonstrate that the NGE procedure generate 
the correct action for the auxiliary fields automatically. We obtain the whole action for 
the 4th order self-dual model including all the needed auxiliary fields to get rid of the 
ghosts of the theory. 
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1 Introduction 


Massive gauge field theories in three spacetime dimensions has attracted much attention since 
long ago. A special feature of such theories is that they can be massive without gauge sym¬ 
metry breaking. This is possible thanks to the addition of topological terms, as it was done 
in the case of topologically massive electrodynamics TME and topologically massive gravity 
TMG [lj. The two models cited have in common the fact that they describe only singlets of 
massive spin-2 particles i.e. describe only one hclicity mode +s or — s, where we have s = 1 for 
TME and s = 2 for TMG. In the spin-2 case however through the Noether Gauge Embedment 
NGE procedure we have demonstrated [2] that the TMG actually can be related, at least at 
the level of equations of motion, to other three models forming a sequence of the so called 
self-dual models of first, second, third (TMG) and fourth order in derivatives. 

With these self-dual models we have demonstrated pm that at the linearized level the 
Fierz-Pauli action which describes a doublet of massive spin-2 particles can be obtained via a 
soldering procedure of two second order self-dual models of opposite hclicities. Besides, one 
can recover the New Massive Gravity NMG [5] (also at the linearized level) by soldering two 
self-dual models of opposite hclicities of either third or fourth order in derivatives. 

Although we do not have observed higher spins particles (s A 2) in nature, the string 
theory predicts the existence of such particles, so it would be interesting to investigate if the 
same duality procedure can be generalized for such particles in the context of gauge theories 
. A way of introducing this context is starting by the models of spin-3. That is only because 
this is the simplest higher spin theory we can deal with. Strictly speaking the spin-3 theories 
do not contain for example the double trace condition present in the context of higher spin 
theories in general (s > 3). In the spin-2 case, as mentioned here one can observe that we 
have four self-dual models in D — 2 + 1. In the spin-3 case there are apparently six self-dual 
models m There seems to be a rule of 2s for the number of models according to the spin-s 
we have. 

The first two models which describe one massive spin-3 mode in D — 2 +1 were proposed 
by Aragone and Khoudeir in [6] and [JjJ . In both models the authors make use of the vierbein 
formulation which was introduced by Vasilicv in |8j. A Chern-Simons like term is present in 
both the Erst and the second order self-dual model. In the second order self-dual model the 
kernel of the action is the usual massless spin-3 second order term. The third model that we 
have in sequence is named topological massive spin-3 theory in analogy with the spins one 
and two cases. The formulation of this model however is made in terms of totally symmetric 
fields which indicate that, in trying to connect those models via the NGE procedure one needs 
to deal with a change of variables which relates the non-symmetric formulation in terms of 
vierbeins and the totally symmetric one. 

It is a feature of massive models in D — 2 + 1 that in order to have only the healthy spin-3 
mode one needs to add an auxiliary Lagrangian which contains ghost-killing holds. In the 
three models cited above besides the healthy mode we have ghosts of spin-1. That is why in 
those models we have always an auxiliary Lagrangian which has the role of eliminating the 
spurious degrees of freedom. In [5] the authors propose a fourth order equation of motion for 
a massive spin-3 particle, although they do not propose an action they suspect that it should 


contain auxiliary fields. Here we start with the first order self-dual spin-3 model of £6j, which 
we call SD\ ; and obtain a sequence of higher order self-dual models: SD\ ; —> SD with 
i = 1,2,3 via NGE. At each stage a new local symmetry is added via embedding. In all cases 
the full action, including auxiliary fields, is presented. There is no need of fine tuning the 

fo\ 

“ghost killing” auxiliary action. The whole models SD\ , i — 2, 3, 4 follow from the first order 
model. However we have not been able to obtain the fifth and the sixth order self-dual models 
of [5]. 

The paper is organized as follows, in the first section we present the first order self-dual 
model and the embedment of the first symmetry. In the second section we make the NGE 
procedure to the second order self-dual model. In the third section we rewrite our third order 
self-dual model in terms of totally symmetric fields and make the last immersion leading to a 
fourth-order self-dual model. 


2 NGE procedure for the spin-3 self-dual models 

2.1 The starting point 

We begin with the first order self-dual model for a massive spin-3 particle in D = 2 + 1 
dimensions given by the action below: 


Ssd(i)[u, A] 



2 

“ ^(/ 3 7 ) w/3(m7) ) + m 2 uj^ + 


+ S W [A}. 


( 1 ) 


For convenience it is useful to define the notation 


£m(/A) Bp ^a(^ 7 ) (2) 

where E^ = e^d 1 . The action (JT]) is proposed by |6j in the vierbein formulation. In the 
context of higher spin particles, this formulation was first introduced by Vasilicv in [8]. Here, 
we work in a flat spacetime with signature (—, +, +) and the basic spin-3 field is Y ), which 
is symmetric and traceless in its Lorentz-like indices i.e = OJ^p) with rf^u^py) = 0. 

We define cu 7 = rj^uj^py) . Then, one can identify the first term in (JT]) as a first order Chern- 
Simons like term. The mass term is similar to the Fierz-Pauli mass term for spin-2 particles, 
except for the extra term m 2 co ll A fJ ' which includes the auxiliary vector field A^. 

Massive spin-3 actions can not avoid the presence of auxiliary fields, see for example section- 
3 of [28] . In (HJ) besides the spin-3 propagation one also has a residual spin-1 mode, and that 
is why we have the action S ^ [A] which contains dynamic terms for the ghost-killing field of 
spin one, and it is given i by: 

S W [A] = I d 3 x [-9m G vo A tl d v A a - 9 m 2 A^ - 12(<V^) 2 ] . (3) 

As we write down the action ([I]) with a spin-3 sector governed by uj^j) and a spin-1 sector 
governed by A ^ one might wonder what would be the simplest contact term between these 




two sectors, and this is of course given by the term 0 +A+ Finally in order to have dual 
maps between the self-dual models we have added a source term to the spin-3 sector given by 
j ; the source 7 ) shares the same indices symmetry of ou^p-y). 

Due the presence of the mass term in the spin-3 sector, the gauge symmetry of the Chern- 
Sirnons like term: 


^A UJ i^(P r y) i ( 4 ) 

is broken. Where we have a traceless parameter r/ / 3 ' 7 A( i a 7 ) = 0 . As we have done for spin -2 
particles in D = 2 + 1 dimensions, we would like to systematically impose this gauge symmetry 
by using the NGE procedure in order to obtain an invariant model, with the same particle 
content of the first order self-dual model ([Tj) . Our previous experience with spin-2 self-dual 
models tells us that the price one pays in obtaining an invariant model is that this new model 
is of higher order in derivatives. 

The NGE procedure consists of modifying the original action, which is non invariant under 
(J4]) , adding a quadratic term in the Euler tensor. By this way we are automatically ensuring 
that the equations of motion of the original model ([I]) are embedded in the new model. First 
let us write the Euler tensor which comes from the spin-3 sector, by taking the variation of 
the action with respect to 

SSsDd) = I d 3 x K^) Suj^, (5) 

The Euler tensor is given by: 


2 2 

K AM) = _ U PGA _ w 7(/+)) + HLfAPA(A) + jM/37). (6) 

6 2 

One can notice that K l ‘EE) — j{AiP) an d rjp^KAPA = 0 . Besides, we have defined: 

fM 7) (A) = 77 ^ A 7 + - V 7 AA (7) 

3 

The next step in the NGE procedure consists basically of performing two iterations, the first 
one can be done by coupling a new auxiliary tensor field g+(/ 3 7 ) to the Euler tensor as follow: 

Si = S SD{ i) - J (Pxa^ K^\ (8) 

Now let us take the gauge variation of (JHJ) by choosing a proper gauge variation for the auxiliary 
field a /t ( f g 7 ) such as A+Vl+y) = Av a /h+y) = Then we have: 


5 K Si = -j d 3 x5 K K^a^ y (9) 

Taking the gauge variation of the Euler tensor dHJ) with 5yA M = 0 and substituting back in 
(EJ), we end up with: 


d 3 x 




S 2 = S, - 


( 10 ) 




after eliminating the auxiliary field a M (/ 3 7 ) through its algebraic equations of motion to the 
following second iterated action: 


= S S D( i, [2 K, m K^ - K» m K^l] . (11) 

As it was expected the action (TTTT) is quadratic on the Euler tensor which ensures that the 
equations of motion of (|T|) /(AA) = 0 are embedded in the equations of motion of (HIT) . By 
construction, S 2 is automatically gauge invariant under (j4j) . After substituting back the Euler 
tensor ([ 6 ]) in (HIT) we obtain the second order spin-3 self-dual model: 


S SD ( 2 , = I d 3 x + + + S ( 2 ) [-4]. 

( 12 ) 

The first term in (1T2l) is the usual massless spin-3 second order action in the vierbein-like 
formulation, where: 


^/i(/3 7 )(0 — 3(|£/3(/i 7 ) + £ 7 (/i/3) £m(A)) 2770 7 £ m , (13) 

The symbol fl is self-adjoint: 

I = f d 3 x^ m n^\u;). (14) 

The second order term conies out as an analogue of the Einstein-Hilbert term for spin-2. 
Actually as we are going to verify ahead it is possible to rewrite it in terms of a totally 
symmetric held b M; g 7 . The gauge invariant second order action (fT2l) has now a new auxilary 
action A*- 2 ) [A] given by: 

S ( 2 ) [A]= j d 3 x 

which differs from (|3]) just by a numerical factor on the Proca mass term. It is not difficult 
to show after a rescaling of A^ that the action (TT 2 l) is in fact precisely the second order self 
dual model proposed by |7j. Another difference has automatically appeared, as one can see 
the linking term of the spin-3 held with the spin-1 auxiliary held has changed from 
to = 2 md fI i?“^u^ ct(1 ) in such a way that the link is now invariant under the gauge 

transformation ([4j). Last, the dual map between the equations of motion which comes from 
the second order action (TT!?|) and the equations of motion of the hrst order action ([I]) can be 
obtained through the dual held pAA) : 

W MA) « — > F^\co, A) = + f^\A). (16) 

m 

where fAPi) (^ 4 ) j s dehned in (J7J). With this dual map, one can reproduce the equations of 
motion of the hrst order self-dual model from the equations of motion of the second order 
self-dual model. Note that pAA) is gauge invariant. 


S2?77 ^ 

-9m - —- A V A" - 


(15) 










We point out here that the new auxiliary lagrangian (]3]h has been automatically generated 
through the NGE procedure as well as the gauge invariant source term for the auxiliary ghost¬ 
killing field Afj. In the next section we show that it is possible to continue with the NGE 
procedure in order to obtain a third order self dual model. 

2.2 From SD( 2) to SD( 3) 

The second order self-dual model obtained before is invariant under the gauge symmetry 
(1TI) . As we have done for spin -2 [ 2 ] we are going to impose a new gauge symmetry. One can do 
this by generalizing the gauge symmetry used in the spin -2 case □ let us propose the following 
symmetry: 

= e fj,/3 P ^(p 7 ) + e w P ^(pP)- ( 1 ^) 

It is straightforward to verify that the second order term in (U 2 l) is invariant under (fT71) . 
However the first order Chern-Simons like term breaks this symmetry. Then one can use 
again the NGE procedure. From (1121) we calculate the new Euler tensor, which is now of 
second order in derivatives: 

SSsD & = jjitfi) = e p f qA(/3 7 )/£\ +muj KPi) + fW 7)(, 4 ) _ = e^.L x ^\ 

3 7 ) V m J 

(18) 

Following the NGE procedure, we propose the first iteration given by: 

Si = S S D( 2 ) - f d 3 x b^L^, (19) 

were b^p 7 ) is an auxiliary field with the same symmetry properties of co^p - y ) i.e; 5$6 At ( i a 7 ) = 
S^LO^pj). Then, with respect to the gauge transformation (fI7j) the action (fT9l) has the following 
gauge transformation: 

SzS i = ~J d 3 x 6„ (b, m E\b x ^). (20) 

Then,by construction we have the following action: 

s 2 = S SD{ 2) - J d 3 x (b, m L^ - jlw y) E\b^) , (21) 

which is automatically invariant under (1171) and also under (J4j). Note that we can rewrite S 2 
in the following way: 


S2 — Ssd{ 2 ) + d x 


m 


b^p 7) - E\ (b x - ^1'] _ J_ ~L„ ( ^E\L X ^ 


m 


J 


m / 2 m 


J p(Pi) rj x 1 


( 22 ) 


1 ln that case the symmetry corresponds to an arbitrary shift in the antisymmetric part of the rank-2 tensor 








where L X ^A is defined in (fT8l) . Making the change of variable b^A —> b^A + L X ^A/m, the 
first term in (122|) gets decoupled. The term mb^p^E^jA^A j 2 has no particle content, then 
we have: 


s 2 = S S D( 2 ) -T^Jd 3 * ~ L ^) E \L X ^\ (23) 

Note that the the equations of motion E^\L x ^X = LAPA of the second order self-dual model 
Ssd( 2 ), he. = 0 are embedded in the equations of motion of SZ Substituting L^p-y) in 

(l28l) we have after some manipulation the third-order self-dual model: 


Ssd( 3 ) = / d 3 x 


- - ^VwKr^’tf) 


U m (A)E\a x ^>(0 - A) 


+ S"M, 


(24) 


which is precisely the third order “topologically” massive spin-3 action proposed by Deser 
and Damour in [T 8 ]. The action is invariant under the gauge symmetries (J4j) and (fTTj) . The 
second term in (12T|) corresponds to the “topologically” Chern-Simons term of third order in 
derivatives. As before the auxiliary lagrangian has automatically changed in order to get rid 
of lower spin ghosts: 



32 m 

~1T 


e^A.d.Aa 


32 m 2 
3 


A P A“ - 12 ( d„A“) 2 


(25) 


The auxiliary lagrangian (l25]h see also [IS] now differs from the first one ([3]) by two nu¬ 
merical factors, by this time the Chern-Simons term is also modified. One can notice that 
this modification corresponds to the same numerical factor which has appeared before when 
we found (fT5lh Again one can observe that the linking term (the third term in (l24|i l between 
the spin-3 fields and the auxiliary vector field is modified, becoming invariant under the new 
gauge symmetry oil). Last, in this case the equivalence between the third order self-dual 
model Ssd( 3 ) and Ssd( 2 ) is given by the dual map given by the dual field coupled to 

the source term in (l24|k 


^08 7) ► H^ = --n^) (9.+ A+ frth)(A). (26) 

m \m J 

The third order theory that we have found here is expressed in terms of the partially 
symmetric field (vierbein-like formulation), however one can compare our result with 

the “topologically” massive spin-3 theory [18] which is given in terms of totally symmetric 
fields, by doing the following change of variables: 


k-V(+r) — 0/z/37 + ^ (?7A/307 + 


+ {^nvpX V 1 + e ni"yX 1 'p)i 


(27) 


where Xnvi x ) — Xvn( x ) and V^X^u = X — 0. Even if we had x 7 ^ 0, (1271) would be invariant 
under a Weyl transformation, in other words S^X^w = V/j.vP- The numerical factors in (1271) 
are obtained in such a way that our results fit the results of [IS] . In .D = 2 + l, the spin-3 
basic field oJ^p-y) has 15 independent components. This can be verified by noticing that oJ^p - y ) 











has by definition the number of independent components of a vector, times the number of 
independent components of a symmetric traceless rank two tensor. On the right hand side of 
(J27lh we have the number of independent components of a rank three symmetric tensor (p^x , 
which is D(D + 1 )(D + 2)/6 = 10 in D — 2 + 1 plus the number of independent components 
of a traceless rank two symmetric tensor y /it , which is D(D + l)/2 — 1 = 5 in D — 2 + 1. Then 
in three dimensions we have 15 independent components on both sides of (1271) . 

Rewriting (1241) in terms of totally symmetric fields we obtain: 


Ssd(3)[4>,A] — 


d 3 x (0) 


m 




+ S"[A 


V3 


m 




(28) 


We have used the spin-3 “Einstein tensor” G' /ii g 7 (<f>) and the symmetrized curl C^xirf 1 ) defined 
in [18], given by: 


G^ 7 (0) = R^ x - (29) 

where we have the “Ricci” tensor given by R fiuX = — d a d^(j) ai ' x ^ + d u <A and its trace 

R x = 7] flp R^ x . The symmetrized curl is defined by: 


Qi/37(A = V( bvPi)- (30) 

Besides the above definitions we have used the symmetric combinations for the spin-1 field 

Ad 


Afii/ x A^rjvx) 


(31) 


and for the source term of 






(32) 


It is useful for the next step to notice that the first two terms in (|28|) are self-adjoint, i.e; 
4> l iv\G^ x ('il>) = Aji/a G flvX {4>) and 4> IJ ,vxG fJ,l/X {'i/>) = '^ l j.vxC livX {(f>) inside spacetime integrals. From 
this totally symmetric version of the third order self-dual model, in the next section we are 
going to make the last step with the NGE procedure by imposing a new gauge symmetry on 
Notice that x^u introduced in (1271) is absence in (1281) due to the symmetry (fT71h 


2.3 A complete fourth order self-dual action for spin-3 

In the first section we have used the gauge symmetry (J4J) where the symmetric rank-2 
parameter A /( „ is traceless. However one can verify that the spin-3 topological Chern-Simons 
term of third order, second term in f[28j) . is invariant with respect to a generalization of this 
symmetry with an arbitrary (traceful) symmetric parameter: 


A/5 7 > 


(33) 







with A^-y = A 7 j g. On the other hand the second order term, first term in (l28]i as well as 
the interaction term between the vector field A^ and the symmetric spin-3 held are non 
invariant under the generalization (l33lh So one can now impose this symmetry in one more 
round of the NGE procedure. By noticing that the Einstein operator G /t fl 7 ( 0 ) is self-adjoint, 
the (pupj variation of the action (l28j) gives us the following Euler tensor: 


ss sd( 3 ) ^ Nfl „x 


Q^X 


, Ctf) | 4A | cQ) 


m 


3^3 


nr 


-G'“' i ( 6 ), 


(34) 


where we have automatically defined b. As usual we start with a first iteration of the form: 


Si = S S D( 3 ) - J d 3 x a^xN^ x (35) 

where we have added a totally symmetric held a such that its gauge transformation is given 
by = d^A u x) = d^cp^x- Then, from the gauge transformation of (j551) we have: 


S A S 1 = / d 3 x vAC'H 


(36) 


which then gives us: 


5, = 5. 


SD( 3 ) 


d 3 x 


-a^xG^ib) + -a^xG^\a) 


where b is dehned in 


This allows us to rewrite (l3?|) as: 


(37) 


Si = S SD{3) - / d 3 x i- / v .a)7,"“''i'-< - 6 ) - 


(38) 


Finally, shifting a^x —* a^x + b^x we can decouple a^x and b IJiV x and since the second order 
term a lw xG ,wX (a) is completely decoupled and has no particle content we end up with the 
equivalent invariant action: 


s 2 = S SD ( 3) + 2 J d 3 x b^ x G^\b). 

Substituting back b^x given in (1341) we have a complete fourth-order action given by: 


(39) 


S 


SD( 4 ) 


d 3 x { [cm + [cm + [cm 


+ -^c^Q)cr y 


m 


<W + 


3\/3 m 


-A 


+ S'" [A] 


V3 


m 


d 3 x j„ (E^Ap + m#) 


(40) 


Now the auxiliary action S'" [A] has gained a new term of second order in derivatives, which 
combined with (<9 M A M ) 2 , is precisely the Maxwell term: 


S’" [A] 


32 

T 


d 3 x 


+ mG va Apd u A 0 + m 2 ApA» 


(41) 


where = d lt A v — d u Ap. In the literature there is no fourth order action describing a 
massive spin-3 singlet in D — 2 + 1. In [21] equations of motion of fourth order in derivatives 



















are introduced but there is no an action from where one can derive it. Besides, the auxiliary 
fields needed for a complete description of the spin three parity singlet without ghosts are not 
considered. Here we are introducing a complete model with an action for the auxiliary fields. 
And the equivalence, is guaranteed through the dual maps. We can check that the spin-3 
sector of (140|1 is indeed the action that gives us the fourth order equations of motion of [21] 
by rewriting the first two terms in the action as follow: 

Jd 3 x [GW] = ~J d 3 x <r*E‘E/E x 'i<t> alh (42) 

/ A = ^J d3x ‘t r ' a0 l E -“ E N«rr (43) 

The combination of these two terms according to (l40l) allows us to derive derive the equations 
of motion suggested in [21]. In that paper the authors have defined a 3rd ra nk (and 3rd order) 
symmetric tensor potential which is basically a symmetric combination of the operators E^ 
that we have used along this paper. We must say that they have considered as the Einstein 
tensor this 3rd rank tensor instead of the definition used in [18] which is of second order in 
derivatives and this is not clear at nonlinear level . Throughout this work we have preferred 
to keep the second order definition of the spin-3 analogue of the Einstein tensor. 

3 Conclusion 

We have verified that there is an equivalence between four self dual models for massive spin- 
3 particles in D = 2 + 1. We have done this through the NGE procedure. The same 
procedure was used before in the context of massive spin-2 and spin-1 self-dual models. The 
challenges here were the presence of auxiliary Lagrangians which have to be considered in 
order to preserve only spin-3 propagations without ghosts and the identification of the correct 
symmetry to be embedded. We have observed that the auxiliary Lagrangians have been 
automatically generated by the NGE procedure . The changes guarantees the absence of 
lower spin ghosts. 

Although we have started with the first order self-dual model [6] passing through the second 
order self-dual model [7] in the vierbein formulation, one could verify that after arriving in 
the “topologically” massive spin-3 model it is possible to make a change of variables which 
relates the partially symmetric formulation and the totally symmetric formulation (j)^. 

Such change of variables see (1271) preserves, and respect the number of independent degrees of 
freedom. 

A complete fourth order action was achieved in (l40jh The core of this action reproduces 
the fourth order spin-3 equations of motion proposed by [21]. However in |2T] the auxiliary 
ghost-killing fields needed in order to maintain the correct spin-3 propagation have not been 
considered. Here the auxiliary action is obtained systematically from previous massive spin-3 
self-dual models once we know the first order model (JT]) . 

We have used a generalization of the symmetries used in the spin-2 context up to the 
third order model. However to obtain the fourth order self-dual model a generalization of 




the Weyl transformation for spin-3, which in our point of view would be y = rj^pC y) do 
not correspond to the necessary symmetry to make the last step. Instead of this we have 
generalized the symmetry used between the first and second order self-dual model, taking 
advantage that the “topological” Chern-Simons term is invariant under = d^Ap^ with 

A^ v arbitrary symmetric tensor. In the table bellow the reader can find a summary of the 
spins, 1, 2 and 3 chains of embeddings and the corresponding symmetry and constraint on the 
symmetry parameters. 

/■o\ 

The next challenge is to go beyond the 4th order self-dual model S y s and arrive at the 
6 th order self-dual model suggested in EU eventually. We have not been able to find any new 
local symmetry of the 4th order term in (1281) to be embedded. This is under investigation. 


s 

Embedding 

Symmetry 

Constraint 

1 

SD™ -4 SD<‘» 

A = 


2 

Stf, SD U 



2 

SD ( ( 2) SD m 


A^v) = 0 

2 

-► saf-> 



3 

S£>t?) sd (2) 


V^A^) = 0 

3 

SDgj -+ SD% 

= e l ip P( l ) {fn) A e /n P ^(pP) 


3 

SD% -+ SD g] 

(5A0/i/37 



Table 1: Here we have used SD s n where n is the order of the self-dual model and s is the spin. 


4 Appendix-A: Equations of motion and dual map 

4.1 Equations of motion 

We start by deriving from ([I]) with j^p , y ) = 0, the equations of motion with respect to the 
field uJfj,(p 7 ), which gives us: 




+ 


2 

-mru a (W + — (r^u; 7 + rf* c/ - - oj^) 

6 

7 JL (^fA A i + rj in A 0 _ l^A^ = 0 


and with rescpect to the vector field 


(44) 


F M = 18mE m A a - 18m 2 A 11 + m 2 ^ + 24 d»d a A a = 0. 


(45) 

















Our goal is then to demonstrate that from the equations of motion (1441) and (1451) one can 
obtain the Fierz-Pauli conditions for spin-3. In order to demonstrate it we first make some 
manipulations with R^p - y ), for example, applying d M in RAPj) we have: 


+ a - d„ = 2 rj^d^ - 3 A 1 + <9 7 A?). (46) 

Now, let us take the following combination: e\^K^ , + A) = 0. This leave us with 

the equation: 


+ STujP - dJou ^ 7) + c o lW) ) = + e\ a u a ^). (47) 

6 ^ M 

Taking the trace we have: 

E a „u a ^ + ju'r + ^A 7 = 0. (48) 

Applying dgd 7 in (jlSj) and (UTD and then taking the difference between the resulting equations 
we have: 

- 4 Ud^ = ~E afl d x u; a ^ x \ (49) 

Applying d 1 in (148|) and using the result (|49|) we find that: 

T71 ^ ^)TH ^ 

□cbA ,i = d ' a/* - —d.A^ (50) 

m 24 ^ 36 ^ 

Now if we apply d M in (l45ji we have: 





m a u 

-<9 u oA 

24 ^ 


(51) 


Using (l5Tf in (|50|) we conclude that d IL A 11 = 0 and consequently = 0. Now let us 
define the following vectors S a = dgd^uoj 13 ^ and T a = d ti d x uj^ Xa ). If we make dgO^RAPA 
and d^dgRAPA we have respectively: 


777 

E^°S a + —(T M + DA^) = 0, 
3 

Qj 7 + 3 CM 7 = T 7 + S 7 . 


Then taking E^g rER ), after some algebra it is possible to show that: 

T 7 = Qu 7 - 3 DA 7 + — E^Ag - - —A 7 , 

3 p 9 

so, from (154D and (153D we have S 7 written as: 

A 7 = 6 DA 7 - ^U 7 % + 

3 9 

Applying E 31 in (USD we have: 


S p -T p + Q J + ^A / 37 A 7 - 9□A ' 3 = 0. 
3 


(52) 

(53) 


(54) 


(55) 


(56) 









Finally substituting back (l54|i and (155|) in (l56]b after some manipulation we can prove that 
A 1 = 0, and consequently from (l45]i we can demonstrate that u ; 7 = 0. Back with this results 
in (l53l) and (l56l) we show that = 0 = SK Besides, making A 1 = 0 = cu 7 in (l46l) we can 
verify that cu /t ( ( g 7 ) obey: 

= 0. (57) 

So, from (1471) the antissimetric part of is null, i.e.: 


UJ‘ 


KPA _ (jjPtv'i) — o 


(58) 


Using this new informations, after applying in 

,2 


we can check that: 


□ — — 
9 


= 0 . 


(59) 


Here, one could then rescale the mass by a factor 3, however we prefer to keep the same 
notation of | 6 ]. Back with these results in (14 8 p . and applying <9 7 in (H 6 l) we can demonstrate 
that cu M ( ( g 7 ) is transverse d 1 uj ll< ' j6 ^ = 0. Summarizing we have demonstrated that all the Fierz- 
Pauli conditions are satisfied from the equations of motion, i.e., the spin-3 held is traceless 
o ; 7 = 0, totally symmetric, transverse and satisfy a Klein-Gordon equation. It is a good 
moment to also verify that from the equations of motion one can obtain the Pauli-Lubanski 
equation, which makes clear that the spin described is in fact 3. In order to make this we need 
to define the generators of translation and rotation for spin-3 states. The general expression for 
the generator of rotations can be obtained, for example, from [19]. For the reader convenience 
we present here the explicit form of the s = 3 case: 


I _ 

\“3 )l 




1 r "Gryy A ) 

12 e G 


( f «/3 Tc 7 a f <*PxA x 4- f “ a r c "M 

\^p &Vp ' C U - L '& pp ' C p - L '&Vp 


+ 

+ 


where: 


Q7-T / 3 A , Q7T- / 3 A , a 7 j / 3 A 

-‘-'Sup ' -‘-'S pp ' c p - L 'S pu 

aA-r 87 , aXj B'y , a\j- 

c p Sup ' c z/ S 1 c p -^Spi/J 5 

(60) 

T * tyy+yy) 

"hS /p;/ 2 ’ 

(61) 


is the rank-2 symmetric identity. The generator of rotations J 3 given by 
relation: 

=»(»+w, 

with s = 3 in this case. In (1621) we have: 


where: 


obey the following 
(62) 


i c £ = - 14 b + Y5 + s ’*% + + (p 6+ 0 + (/. ++ p)]. 


(63) 


Xs”£ = sKistZ + &P*Z + KXs’A < 64 ) 

we can also verify the following 


-> pup ^ up 1 p <~-> up 

is the rank-3 symmetric identity. Besides the relation 
commutation relation : 


( j^P'rX 

)pup 




= ter 


(4) 


5 \ <7<f)UJ 
pup • 


(65) 





Finally, from flTTll using all Fiez-Pauli conditions we have the Pauli-Lubanski equation: 



( 66 ) 


Where s = 3 and is totally symmetric and traceless. 


4.2 Dual map 

From (fl2l) with (j' /i ( / g 7 ) = 0) we take the equations of motion for which can be written 

as: 


mE^ a F a ^ + = 0 . 


(67) 


where we have used the definition of the dual held F given by ffl6l) . But with the same 
definition of F one can write: 



( 68 ) 


Substituting back this result in (1671) we have exactly the same equations of motion derived 
from the first order self-dual model given by ilTili with the change g 7 ) —> F^^y Then the 


equivalence between the first order self-dual model and the second order self-dual model can 


be demonstrated at least at the level of the equations of motion. The same procedure can be 


applied to demonstrate the equivalence between the other self-dual models. 
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